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ABSTRACT

We prove that an cancellative n-groupoid .4 can be homotopic embedded in an n-group
if and only if in A are satisfied all n-ary Malcev conditions. Now we shall prove that
in the presence of associative law we obtain homomorphic embeddings. Furthermore,
if A has a lateral identity a such embeddings is assured by a subset of n-ary Malcev

conditions - unary Malcev conditions.
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We prove that an cancellative n-groupoid A can be
homotopic embedded in an n-group if and only if in A
are satisfied all n-ary Malcev conditions.

Now we shall prove that in the presence of asso-
ciative law we obtain homomorphic embeddings. Fur-
thermore, if .4 has a lateral identity a such embeddings
is assured by a subset of n-ary Malcev conditions -
unary Malcev conditions.

For an abbreviation we shall use the follwing nota-
tions(see [1]):

n
(I1,$2,-~-7«rn) =T,
respectively z" if
Tl =Ty ="+ =Ty =T.

Let A = (A, «) be an n-groupoid (i.e o : A” —
A). If « satisfies the associative law

2n—1)

a(a(er), z45 )

04(17%, O‘(xiJrl ), Thtit1

fort =1,2,...,n — 1 and for all 1, .
then A is an n-semigroup.

The sequence a?_l is an lateral identity in the n-
groupoid A if

s T2n—1 in A

,z) = afz, a7

)=
for all z in A.

The following laws, wich may of may not hold in
a given n-groupoid A , are known as left and right
cancellation laws, respectively,
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n—1

alzuf ™) =a(yul ) =y

An n-groupoid A is a cancellation n-groupoid if
i—1 i—1

a(ull 7x7u?+1) :O[(U/l ayau;’l—i—l) :>l’:y
fort =1,2,...,n—1.

In [5] was proved that an n-semigroup wich is left
and right cancellative is a cancellation n-semigroup.

An important concept in the theory of n-
semigroups is that of a covering semigroup.

Definition 1. (see [5]) A binary A = (A,-) semi-
group is said to be a covering semigroup of an n-
semigroup A = (A, a) provided A has the following
properties:

o the set A is a generating subset of A;

e a(al)=ay-ay...anforalay,... a, € A.

Generalizing an result from [5] we have

Theorem 1. Every cancellation n-semigroup has a
cancellation covering semigroup.

Outline of proof. Let A = (A, «) be an cancel-
lation n-semigroup. Denote by 8’ = (5',-) the free
semigroup with identity generated by the set A. Let us
consider the binary relation © C S'? defined by: sms’
iff

1. there exist s1, 82,83 € S’ such that A\(s2) = n
(Where \(s2) is the lenght of s2), s = s18283 and
s' = s1a(sg)ss,or

2. M(s) = A(¢') < n and there is a s" € S’ with
A(8") = n — X(s) such that a(ss") = a(ss"”), or



3. s = 1 (the identity of S'), \(s') = n — 1 and
a(s’,a) = a for some a € A.

Denote by p the equivalence on S’ generated by .
Then p is a congruence on S’ and §'/p is a cancella-
tion covering semigroup of .A.

It is easy to prove the following

Lemma 1. Let be A a covering semigroup of the n-
semigroup A. If A can be homomorphic embedded in
a group then A can be homomorphic embedded in a
n-group.

Theorem 2. A cancellation n-semigroup A = (A, @)
without lateral identities can be homorphical embed-
ded in a n-group iff in A are satisfied all n-ary Malcev
conditions.

Proof. Suppose that .4 can be homomorphical em-
bedded in an n-group G. All n-ary Malcev conditions
are satisfied in G. Consequently, these conditions are
satisfied in A.

Conversely, assume that all n-ary Malcev condi-
tions are satisfied in A. By Lemma 1 it is sufficient
to prove that the covering semigroup S’(.A)/p is ho-
momorphic embeddable in a binary group. A be-
ing without lateral identities, [1] is a prime unit in
S'(A)/p. Therefore it is sufficient to prove that the
semigroup S(A)/p = (S'(A)/p — {[1]},-) is embed-
dable in a group. There exists such an embedding iff in
S(A)/p are satisfied all binary Malcev conditions(see
[3D). Since {[a] | a € A} is a generating set of S(A)/p
it is sufficient (see [3]) to consider only Malcev condi-
tions according the table

L; ‘ L; ‘ R; ‘ R;
[aillsi] | [will5i] | [willaa] | [willta] (D)
[willss] | lail[ss] | [ws][ts] | [wi][a]

Let I be a Malcev sequence and o(I) the corre-
sponding system of equalities. Adjoining the closing
equality to o(/) we obtain the system (). To each
equality of o(I) we assign a tag - the corresponding
pair of symbols of I.

Example. Let ] = R L1 RyLyR3LoR3Ry LRy
The tagged system o (1) is

(R1Ly) [wil[a:] = [u1][s1]

(L1Rz) ar][s1] = [w][t2]

(R2Lo) [wo][as] = [us][so]

(L2Rs3) [as][s2] = [ws][ts]

(R3La) [ws][as] = [as][52]

(L2, R3) [uz][52] = [w3][as]

(R, R2) [ws][ts] = [w2][as]

(R2, L) [w2][t2] = [a:][51]

(L1, R1) [w][51] = [@1][ai]

(Ry, Ry) [w1][t1] = [w1][t1] (the closing equality)
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From the definition of the congruence relation p it
folows:

e if [x] = [y] then \(x) =

A(z) is the length of z;

A(y)(mod n — 1), where

e in each class [z] there is an element z’ with
Ay <n-—1.

Consequently, we can suppose that in the table 1
each representative has the length <n — 1.

Now we construct a new system of equalities & in
wich member has the length = 1(mod n — 1). Let a be
an element of A.

1. If L, is the first symbol of 7,

(L1=) [aa][s1] = [][y]

we choose 0 < j; < n—1suchthat A(s1)+71 =
0.

2. If Ry is the first symbol of I,

(B1—) [wi]far] = [2][y]

we choose 0 < 47 < n—1such thati; +A(wy) =
0.

We obtain the first equality of o(7) by multiplying the
first equality of (1) on the right by a/! in the first case
and on the left by a’* in the second case.

We obtain the second equality of & (I) from the sec-
ond equality of (/) in the following way: if the first
(second) factor of the left member of the second equal-
ity of (I is equal to the first (second) factor of the
right member in the first equality of () then we mul-
tiply the second equality of (1) by the left by a®* and
by the right by a’2(respectively, by the left by a’2 and
by the right by a’t) where 0 < iy, jo < n — 1 are such
that the length of the left member of new equality be
=1

In the same manner we obtain the kth equality of
o(I) from the kth equality of ().

Example. We apply this procedure to the system
& (I) considered in the previous example.

Suppose n = 5, A(u1) = 2,A(s1) = 3,A(51) =

3wwzzmg:m@)1ﬂw
4LNw1) = 4 Mt1) = 2,Mwz) = 2,A\(w3) =
2 )\(tg) =2 )\(U)g) =1 )\(’w3) 27 (tg) 1.

The tagged system U(I) is

wi1a1 = U181

555

R2 aa181 = awgtg

5
h

2 awgaga = aU2S2a

a w3t3a

~
N

/=y
@

D

2

Ly)
)
)
3) a’
) a?wsdza = a’as5qa
)
)
)
)
)

&

U820 = awsasa

=

3 Rs) awstsa = awsasa

il

2 aw2t2 = aa1S1

U151 = w1a1

SIS S
=
w

=

1 ’J}ltla _wltla



Now we prove that g(I) is a system of equalities
corresponding to same Malcev sequence /. Hence, we
must show that the equalities of & (I) are obtained ac-
cording the table

Li | L | Ry |

Ry

Casel. L, is the first symbol of 1. Then ¢ = 1.

- - il =7 - " Wl =7
(a'kap)(spalk) ‘ (a’kup)(5a’k) ‘ (a*kwy)(agalk) ‘ (a*kwp)(tya'k)

@hup)oradt) | @ikapera’t) | @rwpeped®) | @k o @gein

Let be L, any symbol of I. We use an inductive
argument on n(L,) = the number of L symbols be-
tween Ly and L. Suppose n(L,) = 0. Then ¢ = 1.
We have two cases.

Case 1. L, is the first symbol of 1. Then

(L1—) a1s1a?" = 219107
(—Ly ).T?nga]2 = a151a"
(L1—) a"uy 51072 = a' x3yza’?

(=L1) a" xqysa” = a’ uys107°

We have that A(s1) +j1 =0, A(51) +Jj2 =0, i1 +
AMu1)+A(51)+j2 = 1and i1 +A(u1)+A(s1)+75 = 1.
Hence i; + A(u1) = 1 and then A(s1) +j3 = 0 implies

j3 = j1 and
L4 l_q
(a1)(s107") \(a“ul)(glfl”) 3)
(@ ur)(s1a7) | (a1)(51a72)

Case 2. L, is not the first symbol of I. Then

_ i1 J1 — % J1
(—Ly) a"*z1y16”t = a’tugsqa
(Lg—) a'agsqa’ = a"?x2y2a”

We have that iy + A(ug) +A(sq) +51 =1, i +1 =
i1+ Aug), i2+14+A(5y) +jo =1 and i3 + A(ug) +
A(8q) + jo = 1. Hence i3 + A(uy) =iz +1 =141 +
A(ugq) and thus i3 = 41, and then

“)

Suppose now that this results is true for all n(L) < d
and n(L,) = d. Then between L, and L, there ex-
ists the symbols Ly1, ..., Lgraand Lyi1, ..., Lyta-
Again we have two cases.
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(=L2) zay20"? = uzsqaa’?
(La—) aags2a’? = a"x3ysa’

(=L1) a“xeysa’ = a*a15107*
(L1—) a® w1810’ = a® xryra’®
(—=L1) a®xgysa’® = a*®uqs1a”®

We have

)\(81) +751=0

Auz) + A(s2) +j2=1

iz + 1+ A(s2) +j2=1
i3+ 14+AGS2)+j3=1
ia+ Mug) +A(S82) +j3=1
i4+1+/\(§1)+j451

is + AMu1) + A(51) +ja =1
i5 + AMur) + A(s1) + 55 =1

Since n(L2) < d, from

Ly | Ly
(aas)(s207) [ (a"us)(5207)  (5)
(u2)(s207?) | (a™aq2)(5207%)

it follows that io = 73 and 74 = 0. Now from 74 + 1 +
A(51) + ja = 1it follows A(51) + ja = 0, and from
15+ A(u1)+A(81)+js = 1 we obtain is + A(u1) = 1.
Now i5+A(u1)+A(s1)+Jj5 = 1 implies A(s1)+j5 =
0. From the first equality we obtain A(s1) + j; = 0.
Therefore, j5 = j1 and we have

Ly | Ly
(a1)(s107) | (a Ul)(Sl_aj“) (6)
(auy)(s107") | (a1)(5107%)



Case 2. L, is not the first symbol of I. Then

i g — i j
(—Lg) a''z1y10’1 = a'?ugsqa’
y , y ,
(Lq—) a'1agsqa’t = a'axoysa’
Y] . ./ .
? — 7
(—Lgt1) ataxsyza’ it = a*augq $q41a79%?
; CoT 4
(Lg+1—) @' agy1844107 = a'rt wyysal e

—_— Z—/ -/ _ l—/ _ -/
—Lgy1) a'irizsysalatt = a'atlagyq 5441079+

1 .’ N7 .
Lgy1—) a'vtiugy15g1a’att = a'ariagysa’at

o~ o~

— =11 -1 =1 =1
3 J— K3 =
(=Ly) a's+rwryralstt = a'a+rag5eal v+

111

—_— 117 -1 =1
(Lq—) a'triug§,a’a+t = ala+iggygalatt

We have

ig + Aug) +A(sq) +Jg =1

ig + 14+ Asg) +ig=1

ig + Mugi1) + Msgi1) + g1 = 1
ig+1+ 1+ A(sg1) + Jg+1 =1

Ggr1 14+ AMBg1) + g =1

ige1 + Augr1) + A(Sq+1) + g =1
i:1/+1 + 14 A(5) +j¢/1/+1 =1

+ Aug) + A(Sq) + jgsr =1

/1
Qg1

Since n(Lgt+1) = d — 1 from

i Lot _ ‘ . I_’q+1 i
(a*tragyr)(sqrra’att) ‘ (a'at1ugy1)(8g41a77+1)
-/ . -/ -/
(@gia)lgnas) | (@a) et
it follows that iy 1 = 7, and i, = iy, ;.

Nowfromifl—kl—k)\(sq) +Jq = Land g4 +.1+
A(8q) + j(’]’ﬂ =1we get A(sq) + jq = A(5q) +](’1’+1.
From 7" 1 + Mug) + A(5q) + jg1 = 1, i +
Aug)+A(8q)+iq = land ig+A(ug)+A(sq)+jg =1
it follows that g’ ; + Aug) = iq + A(uy), therefore
iqg = i;”ﬂ, and we have

7
(a'1aq)(sqa7) | (a'ug)(5,
(a’1ug)(sq4a77) ‘ (a'eag)(54a7a+1)

Similar arguments for R symbols complete the proof.

Example The corresponding table 2 for 5 (I) con-
sidered above is

ajrlz/+ 1 )

®)

Ll ‘ El ‘ Rl ‘ Rl
(aa1)51 ‘ U181 ‘ w1a1 ‘ 11_)1(t1a3)
uisy | (aa1)s1 | wi(tia®) | @a
Ro R» R3 ‘ R3

(awz)(@za) | (awz)tz | (a®ws)(@za) | (aws)(tza)
(aw2)ts ‘ (aw2)(@z2a) ‘ (a’ws3)(tza) ‘ (aws)(asa)

©))
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All elements of table 2 are long products. It is easy
to see that they have length n or 2n — 1. From the
definition of the congruence relation p it follows that if
x = y(mod p) and \(x), A(y) = 1, then a(z) = a(y),
where a(z), a(y) are the corresponding long products.

It is easy to prove that in terms of A the system
o(I) is a system of equalities corresponding to the
same Malcev sequence [ in wich appears now n-ary
symbols.

For example, let be

L | Le
(a'*ay)(ska™) | (a'up)(5pa’s (10)
(a'rug)(spa’) | (a’™ay)(5ka’*)

Case 1. Suppose

ikt 14+ Ask)+jr=n
i + Muk) + A(sk) + jx = n

Then
a((a*a)(spa’)) = a(a™, ay, s, a’*)
a((ai;uk)(skaj"')) = a(ai;v,uk, Sk, ")
Now if
i, + Aug) + A(Sk) +jp =n
ik +1+A5k)+J,=n
we have
a((a'up) (5pa’*)) = a(a', u, 5y, a’*)
a((a™ ag)(5,a”)) = aa™ , ay, 5, a’*)

and we obtain the table
Tk41

I ]

a(a*, ag, sk, a’*) ‘ aa*, ug, Sk, a’*)

T ik+1
L/c

(1)

i, . i _ ./
afa’, ug, spa™) | ala’, ag, 8, at)
Suppose now that

il + Mug) + A(8k) +jp =2n—1
ik +1+A58k) +j,=2n—1

Then

such that

a((a'uy) (5pa7*)) = ala, uy, 5}, a(s), a’*))
and

a((a'ay)(5ka’t) = ala’™, ay, 5}, a(5], a’*)).
We obtain the table

lk41 Fik41
L | LY

a(a’ik7 Ak, Sk a’jk) ‘ a(aik7uk7 g;cv a(§g7 aj;c))

a(aigc,uk,sk,aj’“) ‘ a(aik,ak,Ek,a(Eg,aj’;))

(12)



Now we can finish this long proof.
Let I be a Malcev sequence and o(I) the corre-
sponding system of equalities in S(A)/p and

[2][y] = [u][v] (13)

the closing equality of o([).
For the system & (I) the closing equality is

[a™][z][ylla’] = [a™*][u][v][a”*] (14)
wich is equivalent to
a(a’, x,y,a*) = a(a’,u,v,a'*) (15)

But the last equality is the closing equality for o (I)
in terms of .A. By hypothesis, in A are satisfied all
n-ary Malcev conditions. Consequently this equality
holds. Hence, also (14) holds. S(.A)/p being a can-
cellation semigroup, from (14) we get (13). Therefore
S(A)/p is homomorphic embeddable in a group.

Malcev conditions corresponding to Malcev se-

quences over the subalphabet {Ll,fz , R%,E; |i €

3

N} of the alphabet of mn-ary Malcev symbols
{L’-ﬂff,Rf,Rf |k =1,2,...,n—1; i € N} are

K3
called unary Malcev conditions.

Now we shall prove the following

Theorem 3. If in an n-ary semigroup A with lateral
identity are satisfied all unary Malcev conditions then
A can be homomorphic embedded in an n-group.

Proof. Let a? ' be a lateral identity. For beginning
we prove that A is cancellative.
n—1

Suppose that a.(u]
have

,x) = a(u?"" y). Then we

Li \ Li
a(a(u?_laal)aag_l7x) ‘ a(a(a?_lval)7a’g_lay)
a(a(a?il,al),a;’*l,x) ‘ ala(uy™ ,al),agfl,y)

(16)
we have
implies
O‘(a(a1717 al)v a271a y) = a(a(alilv al)v a2717 1’)
that is
04(“1_1737) = a(ul_l’y) =T =Y

Hence A is left cancellative.
Now from a(z,u}™ ') = a(y,u™ ') using I =
R%E} and the table

R} \ R}

a(xvagliZ:a(a”—l?u?il)) ‘ a(yvaT727a(an—17a?71))
a(xva?727a(an—17aT71)) ‘ a(y,aT727a(an—17uT71))
a7
we get © = y, that is A is right cancellative. Con-
sequently, A is a cancellative n-semigroup. We note
that B
Ly | L
a(wl, i) | eyl vi) (18)
O‘(?J%“Z«H) ‘ a(aj]lcavg+1)

can be rewritten as

! | !

ala(zt, af

ala(yr, ey

i
=T 13 —% =T 3
az,k+1auz+1) ‘ a(o‘(lhvail )7asz+1vvl:+1)
n—k n

—k
)s
—k k -1
)x a(a(ajlval ):an,k+1)vl7cl+l)

n—1 n
a?L—k+1’uk+1) ‘

and _
RY | R¥
a(uy ™", 2) [ a(v] ™", ui) (20)
alui ™, yf) | alp ™" 2f)
is equivalent to
RE Rk

: \ :
n—Fk _k—1 —T & —%k k-1 —T %
T, a 1a(az 7)) ‘ a(vy ™", ay 704((1;: Y1)

a(uf
a(up ™* af T alap YD) | e e alap T 2))
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In consenquence each n-ary Malcev condition can
rephrased as an unary Malcev condition.

We conclude this paper with a stand alone proof for
Theorem 3.

Let be A = (A,a) an n-semigroup and a} "' a
sequence in A such that a(z,a} ™) = z, Va € A.

Zupnik proved (see [7]) that (A, -) where

n—2
x-y=alz,a™%y)
is a semigroup with a,,_; as a right unit,
Z-apn-1 =17,

the mapping
fiA—=A

defined by
zof = alan_1,z,a7"?%)
is an endomorphism of (A, -) and
a(x}) =z -xof x3f’ o xnfVa

where

a=o(tn-1,0n-1,-.,0p_1).

Suppose now that A is a cancellation n-semigroup.
We have the following

Lemma 2. Let be A a cancellative n-semigroup. The
sequence a?fl is a lateral identity iff there exists a €

A such that a(a? ™", a) = aor a(a,al ™) = a.



Using Lemma 2 it is easy to prove (by induction)
that

Lemma 3. In a cancellation n-semigroup any circu-
lar permutation of a lateral identity is a lateral identity

The set Ay being a generating subset of the group
(G,:) forany y € G

y = (@)™ - (@ap)® ... (2o,

too. x; € A, g, = £1 forall i = 1,2,...,k. Then
fm—1 _ T rn—1\e1 | oz m—1\er — au -

Suppose now that A4 is a cancellation n-semigroup. 2 (_fi‘f ) (i _2 e _( H
UPP MEOUP- i (a) T (ap s app (ap) T = ap-
It is easy to prove that the above endomorphism is in (@10)°" - (22)°2 - (zpp)™ - (ap) " = ap -y -

fact an automorphism (yf~' = a(a} 2, y, an_1)),
zf" la=a-z,VzeA

and
af = a.

Let now .4 be an n-semigroup with a lateral iden-

(ap)~L. From [6] it follows that (G, 3) is an n-group.
In conclusion

pf: (Ava) - (G,B)

is a homomorphic embedding.

tity. We assume that all unary Malcev conditions are References
satisfied in A . Then A is a cancellation n-semigroup
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table _ _
Li | Ly | Re | Ry
Trsk | ykSk | wrsk | Oryw

(22)

(2]
Yk Sk ‘ TkSk ‘ WYk ‘ Wi Tk
in is equivalent to the table
Ll Ll | Rl &L [3]
a(zy.ay Tosp) | alug.ap 1.5, | alwg.ab T.zg) | al@g.ar L)
a(ug.ab " s | e, el Tl ) | e, el T v | alwg, a7 @)
(23)

in A, it follows that the semigroup (A, -) is homomor-
phic embeddable in a group.
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(4]
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